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Abstract The approach to implement nonadiabatic geometric quantum computation by
controlling the magnetic fields is applied to construct single-qubit noncommutable geo-
metric quantum gates. The results show that it is helpful for experimenters to realize the
geometric quantum gates by adjusting the external parameters.

Keywords Nonadiabatic evolution · Geometric qubit · Quantum computation

1 Introduction

It is well known that the phase is a controllable factor in quantum system, which provides
us conveniently to control the quantum physical system that is different from the classical
physics. In micro-electron device, the phase effect of the current carriers is not considered.
While in nanoelectronic device the amplitude and phase of the current carriers must be taken
into account because the phase relations of the current carriers is remained after bouncy col-
lisions. The present research results indicate that it is not enough to manipulate the quantum
device only by controlling the number of electrons and it is mainly via controlling the phase
of electron to realize a certain function. In addition, the geometric phase in quantum system
does not rely on the dynamical properties of evolution process. It only relates to the topo-
logical properties of physical system, which will make it error tolerant to perform quantum
information processing [1–4].

Recently, geometric phase has been attracting increasing interest because of its impor-
tance for understanding and implementing quantum computation in real physical systems
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[5–9]. Geometric quantum computation is a scheme intrinsically fault-tolerant and there-
fore resilient to certain types of computational errors. Theoretically, a pure geometric phase
quantum gate can be achieved based on adiabatic geometric phase. But the adiabatic condi-
tion is not satisfied in many realistic cases. To solve this problem, A-A phase was suggested
to complete geometric quantum gates. These geometric quantum gates have the faster gate-
operation time and intrinsic geometric features. Up to now, there are two approaches to
achieve the geometric gate: (1) driving the qubits to undergo appropriate adiabatic or nona-
diabatic cyclic evolution and (2) displacing a harmonic oscillator along a closed path condi-
tional on the state of the qubits [10–16]. However, the complexity of the controlling process
will lead to more computation mistakes. Recently, Wang et al. [17] proposed a third scheme,
in which it is pointed out that the parameters (amplitude and direction) for the magnetic field
can be directly controlled by means of regulating the ratio of dynamic phase and geometric
phase and consequently the geometric quantum computation can be realized. Obviously, this
scheme adds advantage to implement quantum manipulation in laboratory.

In this work, we firstly propose strictly the dynamical evolution wave-function for a
single qubit, and then discuss how to realize single quantum gate by manipulating the para-
meters for the magnetic field.

2 Wave Function of the System

Considering the Hamiltonian for a single-qubit system [17, 18]

H(t) = −1

2
�1(σx sin θ cosωt + σy sin θ sinωt) − 1

2
�2σz cos θ, (1)

where �i = gμBi/� that are the gyromagnetic. Bi (i = 1,2) and θ represent external con-
trollable parameters and can be experimentally changed, and σ̂i (i = x, y, z) are Pauli spin
operators.

Suppose that |Ψ (t)〉 is the state vector of the system that evolves according to the time-
dependent Schrödinger equation (� = 1)

i
∂

∂t
|Ψ (t)〉 = H(t)|Ψ (t)〉. (2)

By using the following canonical transform,

Ψ (t) = exp

(
−i

1

2
ωtσz

)
Ψ̃ (t). (3)

Equation (2) is rewritten as

i�
∂

∂t
|Ψ̃ (t)〉 = H̃ |Ψ̃ (t)〉, (4)

where the effective Hamiltonian is

H̃ = −1

2
�(σx sinχ + σz cosχ), (5)

with

� =
√

(�1 sin θ)2 + (�2 cos θ + ω)2, (6)

sinχ = �1 sin θ

�
, cosχ = �2 cos θ + ω

�
. (7)
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The eigenfunctions of the effective Hamiltonian H̃ are

H̃ |±〉 = −1

2
k�|±〉, (8)

where k = ±1 and

|+〉 = cos
χ

2
|0〉 + sin

χ

2
|1〉, |−〉 = − sin

χ

2
|0〉 + cos

χ

2
|1〉.

From (3) and (5), the wave-function of the system can be expressed as

|Ψ (t)〉 = U |Ψ (0)〉, (9)

where

U(t) = exp(−iωtσz/2) exp(−itH̃ )

=
((

cos �t
2 − i sin �t

2 cosχ
)
e−i ωt

2 −i sin �t
2 sinχe−i ωt

2

−i sin �t
2 sinχei ωt

2
(
cos �t

2 + i sin �t
2 cosχ

)
ei ωt

2

)
.

3 Phases

Using these wave-functions, the corresponding geometric phases in time t may be obtained
as

γk(t) =
∫ t

0
dτ

〈
Ψ (τ)|i ∂

∂τ
|Ψ (τ)

〉
= ωt

2
k(1 − cosχ). (10)

And the dynamical phase are given by

βk(t) = −
∫ t

0
〈Ψ (τ)|H(τ)|Ψ (τ)〉dτ = t

2
k(�1 sin θ sinχ + �2cosθcosχ). (11)

Thus the total phase is

αk(t) = γk(t) + βk(t). (12)

From (10)–(12), the total, geometric and dynamical phases of the system in the cyclic motion
with period T = 2π/ω are respectively given by

αk(T ) = kπ

(
1 − �

ω

)
,

γk(T ) = kπ(1 − cosχ),

βk(T ) = −kπ

(
�

ω
− cosχ

)
.

It is noted that the geometric phase exists at all times, not just when H(t) has returned to
its original form, which implies that the geometric phase is independent of the path and has
a purely geometric property without the correction of the evolution. It is worth mentioning
that the adiabatic geometric phase is only an approximation of the nonadiabatic geometrical
phase. Though the geometric phase bears some resemblance to the Aharonov and Anandan
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phase, some differences exist, one of which lies in that here the cyclic condition is not
needed. The geometric phase is of great significance since it is observable in the interference
of two identically prepared systems.

4 A Design Scheme

From (10)–(12), Wang and co-workers (to see Ref. [17]) found that, when the relation

x = − (�1 sin θ)2 + (�2 cos θ)2 + ω�2 cos θ

ω(� − ω − �2 cos θ)
, (13)

is satisfied, the total, geometric and dynamical phases of the system in the cyclic motion
with period T = 2π/ω satisfy

βk = xγk, αk = (1 + x)γk. (14)

Thus, under the computational basis {|0〉, |1〉}, the unitary transformation U(T ), between
the input and output state, can be written as

U(T ) =
(

ei(1+x)γ cos2 χ

2 + e−i(1+x)γ sin2 χ

2
1
2 sinχ

(
ei(1+x)γ − e−i(1+x)γ

)
− 1

2 sinχ
(
e−i(1+x)λ − ei(1+x)γ

)
e−i(1+x)γ cos2 χ

2 + ei(1+x)γ sin2 χ

2

)
, (15)

where

γ = π(1 − cosχ). (16)

Qubit is the elementary component of quantum computer. Up to now, two kinds of phase
gate have been proposed. One is based on geometric manipulation, namely drives the qubit
to appropriate cyclic evolution that depends on the qubit state in order to obtain geometric
phase. The other is based on the quantum computation of geometric manipulation, which is
usually carried through in dark state. During the evolution, the quantum system is always in
the eigenstate that the eigenvalue keeps zero (dark state), therefore there is no any dynamical
phase shift. Wang and co-worker pointed out that the parameters (amplitude and direction)
for the magnetic field can be directly controlled by regulating the ratio of dynamic phase and
geometric phase and consequently the geometric quantum computation can be implemented.
Unfortunately, they have not presented concrete experimental scheme.

As well-known, to achieve a set of universal quantum gates, we need to construct two
noncommutable single-qubit gates and one nontrivial two-qubit gate. In this paper, we only
discuss how to construct two noncommutable single-qubit gates [19, 20].

A. In the dark state

For x = 0, from (13), the parameters of an external controllable magnetic field satisfy:

(�1 sin θ)2 + (�2 cos θ)2 + ω�2 cos θ = 0.

Furthermore, setting

γ = π(1 − cosχ) = 3π

2
,
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one finds

U(T ) =
(−i cosχ −i sinχ

−i sinχ i cosχ

)
. (17)

Making x = 0 by controlling the magnetic field parameters, for example, with

�1 = �2 = −ω cos θ,

we have

x = 0.

Here, the quantum system is in dark state.

cosχ = sin θ = −1

2
.

Thus, by choosing χ = 2π/3 and χ = 4π/3 in (17), respectively; it is straightforward to ver-
ify that U(χ = 2π/3) and U(χ = 4π/3) are noncommuting. Therefore, the two noncom-
mutable single-qubit gates are constructed by directly varying the parameters of external
controlled magnetic field.

B. x �= 0

For this case, since the ratio of dynamic phase and geometric phase is non zero, we can
construct two noncommutable single-qubit gates in a easier way in comparison with the
dark state. For example, setting

(1 + x)γ = −π

2
,

under the case of �1 = �2, we choose the magnetic field parameters to satisfy

5ω2 = 4�2
1 + 8ω�1 cos θ,

and

cosχ = �1 cos θ + ω√
ω2 + �2

1 + 2ω�1 cos θ

. (18)

Thus we choose the parameters χ = π/4 and χ = π/3 in (18) to construct two noncom-
muting geometric quantum gates. it is easy to verify that U(χ = π/4) and U(χ = π/3) are
noncommuting. The two noncommutable single-qubit gates can be controlled by straight-
way varying parameters of the external controlled magnetic field.

5 Conclusions

In conclusion, based on the dynamically evolving wave-function of a single quantum qubit,
we know how to control the magnetic field parameters (amplitude and direction) and im-
plement geometric quantum computation by regulating the ratio of dynamic phase and geo-
metric phase. It is known that the approach is remarkable in that it achieves completely by
manipulating the magnetic field parameters and requires no rotation operation unlike the
conventional geometric gates or the unconventional geometric gates.
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Obviously, at x = 0, the system is in dark state under the cyclic evolution. The result is
similar to conventional geometric quantum computation, where the dynamical phase was
cancelled by rotating operations in single-loop and multi-loop approaches. At the case of
x �= 0, the dynamical phase shift occurs. This result is similar to unconventionally geometric
quantum computation, where ones used the global geometric features in the rotating frame
at the cavity frequency and did not distinguish both the total phase and geometric phase.
Under our approach, an appropriate path is not necessary for Hamiltonian. It is realized just
by regulating the magnetic field parameters quantum manipulation, which is more feasible
in experiment and therefore attractive for experimental measurement.
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